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Validation of Implicit Algorithms for Unsteady Flows
Including Moving and Deforming Grids
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and
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Time-accurate Navier-Stokes flow solvers utilizing Newton and dual-time-step implicit subiteration algorithms
have been investigated for both moving-body and deforming-grid applications. A set of relatively simple two-
dimensional validation cases has been identified to assess the performance of these unsteady computational fluid
dynamics (CFD) solvers with varying time-step size and number of subiterations. These cases demonstrate the
advantages of second-order time derivatives and subiterations for unsteady-flow simulations. This investigation
also indicates subiteration algorithms and large time steps can be used to reduce the computational cost of a given

unsteady-flow simulation.

Nomenclature

speed of sound

grid-speed vector

total energy

inviscid flux vectors [Eq. (3)]
frequency

identity matrix

Jacobian

Mach number

subiteration counter
time-level counter

surface normal vector
pressure

nonconserved variable vector [Eq. (2)]
conserved variable vector [Eq. (2)]
Reynolds number

defined in Eq. (15)

reference temperature

time

fluid velocity

grid velocity

volume

control surface
computational coordinates
time metrics

eigenvector

spatial metrics

density

pseudotime variable

control volume

vorticity
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Introduction

HERE currently exists a great interest in performing calcula-
tions using CFD for high-Reynolds-number unsteady flows.
Research are beginning to apply the new hybrid Reynolds averaged
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Navier—Stokes (RANS)/large eddy simulation (LES) class of tur-
bulence models to a host of unsteady high-Reynolds flows contain-
ing large-scale coherent turbulent structures. Applications involving
moving and deforming bodies are also becoming more common.
Validation and verification of CFD codes become more difficult for
these unsteady flows than for traditional steady-state problems. Here
validation and verification are used in the traditional sense; that is,
verification deals with removing coding errors from an algorithm
and validation deals with the ability of an algorithm to simulate the
physics of a flow. Grid-convergence studies may not address all of
the relevant dimensions of a problem because turbulent flows dis-
play a cascade of both length and time scales. Often refining the grid
results in resolution of smaller-scale structure in the unsteady flow,
and hence a “grid-resolved” solution may exist except in the direct
numerical simulation (DNS) limit. We hope the relevant physics of
the flow can be captured at some level of grid refinement well above
the DNS limit. In many unsteady-flow cases convergence can only
be judged in a statistical sense. A large number of time steps may be
required to reduce the error in computing the statistical parameters
of interest.

The choice of time step can have a tremendous effect on the time
accuracy of a solution. The high-frequency spectral regime will be
underresolved if the chosen time step is too large. Large time steps
can introduce error in the solution if no means are provided to local
convergence of the solution (i.e., convergence in both time and space
at each time step). If the time step is too small a tremendous number
of iterations will be required to adequately resolve the low-frequency
spectral regime. Hence, the selection of a time step for a typical
unsteady CFD problem is an exercise in the art of compromise and
often requires some a priori knowledge of the unsteady nature of
the flow.

Much of the numerical technology for the solution of the
Navier—Stokes equations over the past three decades has been fo-
cused on obtaining steady-state solutions. These algorithms gener-
ally provide large amounts of numerical dissipation to rapidly damp
out spurious numerical fluctuations. Excessive numerical dissipa-
tion can cause the unsteady structures in the flow to be overdamped.
This study focuses on subiteration strategies that allow for large time
steps and local convergence at each step. Large time steps are use-
ful in problems that require grid assembly or grid remeshing at each
time step because they minimize the number of these operations
required for a simulation. The grid-assembly or grid-remeshing op-
eration is often as computationally expensive as a single time step
of the CFD solver. Numerical stability issues can often limit the
maximum attainable time step for a given algorithm and has led
many developers to investigate the dual-time-stepping approach to
time-accurate simulations.
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This effort outlines the basic implicit numerical subiteration al-
gorithms required for unsteady-flow applications using large time
steps including moving- and deforming-body applications. Simple
two-dimensional examples are provided that allow these numerical
algorithms to be assessed for unsteady-flow applications. The test
cases were chosen based on the availability of analytical solutions
to the Navier—Stokes equations and/or a regular periodic behavior of
the flow. This allows the user to evaluate the ability of a flow solver
to provide a locally converged solution in time and to capture the
relevant physics of the flow. These cases also provide insight into
the level of dissipation in a given numerical scheme.

Theory

The Navier—Stokes equations may be written in generalized curvi-
linear coordinates as

Bq 0E oF 0G

1
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where ¢ is the vector of conserved variables
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The inviscid flux across each face can be written as

p(ué +vé, + wé, + &)
pu(ué; +véy + wé; + &) + pé«
E = pv(uéy + vy + wé, + &) + pé, 3)
pw(ué, + vé, + wé, + &) + pé;
(E + p)(ué, + vé, + wé, + &) — pé&

The time metric is given by
St = (ug%-x + vgg)' + wg%-z) (4)

The F and G vectors can be constructed from the E vector by re-
placing & with n and ¢ respectively.

Geometric Conservation Law (GCL)

If the computational grid is deforming, then the elemental vol-
umes are changing as a function of time. Then, Eq. (1) should be
written as

00 W JE OF 09G

Vat +Q +8§+ +8§_0 (5)
The geometric conservation law (GCL) was first introduced by
Thomas and Lombard' to address the volume derivative in the sec-
ond term in Eq. (5). The GCL relates the rate of change of a physical
volume to the motion of the volume faces. The GCL is derived by
considering a control volume €2 with a control surface 92 that moves
with a velocity ¢ with respect to a stationary inertial reference frame.
The continuity equation can be written in integral form as

d
—/pdsz+f p(V+e¢) -nds =0 (6)
dr Q aQ

Assuming uniform conditions everywhere in the field, Eq. (7)
reduces to

d
- dQ:—f ¢-nds 7
dr Q el

Eq. (7) represents the GCL in integral form. The differential form
of the equation would be
v 0§, an, a¢
—+ =+ —+—==0 8
8t+8$+3r/+8§ (®)

Discretizing the time derivative in Eq. (1) using first- or second-order
backward differences gives

A"t —[6:/(1 + 62)]Aq" 1

At + 1+92RHSH]:0 ©
where
RHS—%-%E-}-&G (10)
09§ ¢
and 0, =0 for first-order time or 6, = l for second-order time. The

delta quantities can be redefined as shown by Hyams? using Eq. (2)
to yield

n+1 _ (QV)nJrl (Qv)n
=@ — @'
Substituting Eqs. (11) and (12) into Eq. (10) yields

:VVL+1AQn+l+QnAvn+I (11)

— anlAQn + QnAVn (12)
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At
n+1 _ n
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13)

Using the differencing expression from Eq. (13) to approximate the
time derivative in Eq. (8) yields

AV —[0,/(1 + 6,)]A¥" -1
= RHS!L! 14
At 146, GeL 14
where
0&; on; a9
RHSGe, = — + — + — 15
GCL o + n + ac (15)

Substituting the right-hand side of Eq. (14) into Eq. (13) yields

(1 + Qz)anrlAQnJrl _ szn—lAQn
At
+Q"RHSLY +RHS" ' =0 (16)

The flux-like terms in the RH SA3," function [Eq. (15)] need to
be constructed in a similar manner and to the same spatial accuracy
as the inviscid fluxes in the flow equations to ensure that the GCL
is satisfied and that spurious source terms caused by the volume
changes are eliminated. The temporal order of accuracy is given by
the time term in Eq. (16). Note that this implicit formulation requires
that the volumes from two time levels back in the computation be
used for second-order time accuracy. This requires that three time
levels of grid be stored. The GCL terms must also be included in all
transport equations (i.e., species, turbulence, etc.).

Newton Iteration
Equation (16) can be solved using Newton’s method following
the work of Hyams.2 First, a function F is defined as

1 2} Vn+lA n+1 _ Vn+lA i+ 1
R = TR A% %
At
+Q""'RHS {4 + RHS ™! (17)

Here the 0 subscript denotes the vertex for node-centered schemes
or the cell center for cell-centered schemes. The quantity F"*! is
the function that should be driven to zero in the Newton iteration.
Expanding F"*! in a Taylor series from a known level n+ 1, m
yields

n+1,m

a
F(;1+1J11+1 — F(;H—l.m + Oat At + O(Alz) (18)
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Dropping the O (At?) error term and linearizing the time derivative
yields

+1,m
oF)
0

F(;1+1.m+1 — F(;’l+l,m + AQn+1.m+l (19)
0
Because the LHS of Eq. (19) is zero at Newton convergence,
n+1,m
_Fn+l,m:3I707AQn+l,m+l (20)
00
where
AQn+l,m+l =Qn+l,m+l _Qn+l,m (21)

Equation (20) can then be expanded to
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In terms of the general matrix form, Ax = b, the first bracketed term
in Eq. (22) is the right-hand side vector b. The second bracketed
term in Eq. (22) represents the diagonal terms of matrix A, and
the third bracketed term represents the off-diagonal terms of matrix
A. The computational work required to complete one subiteration
is equivalent to the work required for one time step without the
Newton scheme.

]AQ:_I-FI.M-%—I (22)

Dual-Time Stepping

Equation (16) can also be solved using a dual-time-stepping
method following the work of Pandya et al.3> An artificial time (t)
term is explicitly added to Eq. (1) to yield

d¢ dq OE OF 3G
q+qJr

I 98 + + ac =0 (23)

The pseudotime iteration (subiteration) is performed at each phys-
ical time step. The pseudotime iteration must be converged (i.e.,
dq/dt =0) at each physical time step to assure time accuracy. Lo-
cal time stepping, multigrid methods, or other stability-enhancing
techniques can be used in conjunction with the pseudotime iteration
as long as a local convergence is obtained at each time step. Taking
into account grid deformation, Eq. (23) can be rewritten as
8Q oE dF 090G
——|— — + ——I———|——+——O 24
aT at 0 & 9 @4
Discretizing Eq. (24) using first-order differences for the artificial
time derivative and second-order time for the physical time deriva-
tive yields
|:(1+02)Vn+1( n+1m QO)_gzvn—lAQn—l

At
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Here m is the pseudoiteration counter and # is the time-step counter.
In terms of the general matrix form, Ax = b, the first bracketed term
in Eq. (25) is the right-hand-side vector b. The second bracketed
term in Eq. (25) represents the diagonal terms of matrix A, and the
third bracketed term represents the off-diagonal terms of matrix A.
If the pseudotime step (At) is set to the physical time step (At),
then the dual-time-stepping algorithm is equivalent to the Newton
algorithm [Eq. (22)] plus an additional stabilizing term on the diag-
onal of the A matrix. As with the Newton method, the computational
work required to complete one subiteration is equivalent to the work
required for one time step without the dual-time-stepping scheme.

Boundary Conditions for Moving Grids

The grid velocities (time metrics for structured-grid flow solvers)
must be included in the inviscid flux calculations for all transport
equations included in a simulation (including turbulence models
and species equations). The grid velocities must also be included
for solid-wall boundary conditions (slip and no-slip walls) and in the
calculation of the invariants for characteristic boundary conditions.

The grid velocity must also be taken into account when using
ghost cells for implicit boundaries. The following subscripts are
used in the derivation of the ghost-cell properties:

2—index of the first point off the wall,

1—index of the wall point, and

ghost—index of the ghost cell (mirrored from 2).

For a slip wall, the velocity at 2 is given by u;,. This can be
decomposed into

Uin = Ui, + Uig (26)
where the grid velocity u; , is assumed to be constant for all the

nodes for this derivation. The magnitude of the normal velocity can
be defined as

’
Unorm = Uj o+ Ni = Ujp *Nj — Ujg * 1 27
where n; are the components of the unit vector normal to the sur-

face (n). The velocity at the wall can be found by extrapolating the
velocity from 2 and subtracting the normal component at the wall:

Uil = Uj 5 — UnormMi + Ui g = Ui 2 — Unorm!i (28)
The velocities at the ghost cell are given by
Ui ghost = Uj 5 — 2Mnormli + Uijg = Uin — 2normi;  (29)
The delta quantities are given by
Al = Ujp — Uj| = UnormM; (30)
A 1ghost = Ui,1 — Ui ghost = UnormMi1 = At 2 (€29)]

For a no-slip wall, the velocity at 2 is given by u,,. This can be
decomposed into

Uin =Uj,+ U, (32)

The velocity at the wall is equal to the grid velocity. The velocity at
the ghost cell is defined as

Uighost = —Uj, + Uiy = —Uio + 2u; g (33)
The delta quantities required by some codes are given by

Aujoy = ujp — i) = Uin — Ui (34)

Aui_lghost = Ui

— Ui ghost = Ui — Uiy = Al (35)

The delta formulation is a convenient way to specify the ghost-cell
values of velocity for moving-body problems.
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Time-Accurate Validation

The following are some example validation cases for examining
the time accuracy of a Navier—Stokes flow solver. The test cases
presented here were run using the NXAIR* and OVERFLOW?2>
structured-grid overset Navier—Stokes flow solvers. The NXAIR
flow solver uses a third-order HLLEM® upwind algorithm for the
inviscid fluxes and second-order discretization in time. The implicit
algorithm solves the nonfactored matrix system using a symmetric
successive over relaxation (SSOR) algorithm that may be used in
conjunction with a multigrid method. NXAIR uses a Newton subit-
eration strategy at each time step and includes both first- and second-
order GCL in time and second-order GCL in space for deforming
grids. OVERFLOW? has a number of choices for the inviscid fluxes
and the implicit algorithm. The choices for the inviscid flux calcula-
tion include second- and fourth-order central difference algorithms
and several upwind algorithms including the Roe upwind algorithm.
The alternating direction implicit (ADI) algorithm choices include
a block tridiagonal solver and a diagonalized solver. A multigrid
method can be used with either ADI solution algorithm. OVER-
FLOW?2 can also use Newton subiterations or dual-time stepping at
each time step. The solutions presented here for OVERFLOW?2 used
the default diagonalized implicit solver with the dual-time-stepping
algorithm because this is the current recommended approach for
unsteady applications. OVERFLOW?2 does not presently include
the formal GCL terms but does include a free-stream correction
flux term that is similar to a first-order GCL. This effort is not in-
tended to be a comparison of the two codes but a demonstration of
the application of these test cases in the evaluation of the unsteady
performance of the two production codes individually.

Deforming-Grid Free-Stream Test Case

A 41 x 41 Cartesian grid and a deformed grid of the same di-
mensions were constructed. The two grids are shown overlaid in
Fig. 1. Solutions were computed using NXAIR with three Newton
subiterations. The free-stream Mach number was set to 0.5 and the
boundaries’ values were held fixed for these calculations so that any
deviation from free stream would be due to the grid deformation.
The CFL number was set to 1000, and the computations were per-
formed in a time-accurate manner. The solution was then calculated
on a deforming grid that oscillates between the Cartesian grid and
the deformed grid. An interpolation function given by Eq. (36) is
used to determine the computational grid at each time step as is
shown in Eq. (37) and (38):

2
f= |:sin (%)} (36)

Fig. 1 Grids used in the free-stream deforming-grid study. The red
grid is designated “grid 1” and the green is “grid 2.”
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Fig. 2 Free-stream solutions with and without GCL.

Fig. 3 NACAO0012 grids used in the deforming-grid study. The red grid
is designated ““grid 1”” and the green grid is “grid 2.” Every other point
is plotted for clarity.

Xcomp = X1 + f(X2 - X]) (37)
ycompzyl+f(y2_yl) (38)

where 7 is the iteration count for the flow-solver time step. This
example represents a large amount of grid deformation per time
step. The L2 norms for these computations are shown in Fig. 2. The
grid 1 and grid 2 solutions were computed on the individual grids
without any deformation. The GCL and no-GCL solutions were
computed on the deforming grids.

The deforming-grid solution with the GCL is seen to produce the
same level of L2 norm as the steady-state solutions on the Cartesian
and deformed grids. The deforming-grid solution without the GCL
produces an L2 norm that is about five times larger than the steady-
state results. This indicates that the GCL is eliminating the error
associated with the grid deformation.

Deforming-Grid NACA0012 Test Case

Two two-dimensional O-type Euler grids were constructed for
a NACAOQ012 airfoil. Both grids have 221 x 41 points. The point
distribution along the airfoil is the same for both grids. The two
grids are shown overlaid in Fig. 3. The flow conditions chosen for
this test case were a free-stream Mach number of 0.5 and an angle
of attack of 2 deg.

The computations were performed using NXAIR with 1 (no
subiterations), 3, 5, and 10 Newton subiterations. Unsteady calcu-
lations were performed as the grid was allowed to deform between
grid 1 and grid 2 as described by Egs. (36)—(38). The solutions
were run time accurately with a CFL number of 2.7 x 10*. The grid
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deformations were begun after 1000 time steps on grid 1. The pre-
dicted force coefficients are shown in Fig. 4. The steady-state values
for each grid are also shown in these figures.

The solutions become periodic as the grid is deformed for all
combinations of Newton subiteration and GCL or no GCL. The
forces oscillate between the steady-state values and converge with
increasing Newton iterations when the GCL is used. The oscillating
forces greatly exceed the steady-state force levels and do not seem
to converge with increasing Newton iterations when the GCL is not
used. It is obvious that failure to use the GCL in deforming-grid
calculations can result in large errors in the calculation of forces.
This example also indicates that the subiteration method alone is
not sufficient to remove the errors introduced into the solution by
the grid deformation.

0.300 r T T r T
R 1 Newton ===--
0.295 3 Newton -=------- 1
5 Newton -=-=- -

0.290 } 3 10 Newton

0.285 |
GRID2 CY

& 0.280

0275} GRID1 CY
0.270

0.265}

0.260 . . . . .
800 850 900 950 1000 1050 1100

Iterations

Fig. 4a Normal force coefficient on a deforming grid without GCL.
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Fig. 4b Normal force coefficient on a deforming grid with GCL.

Initial Vortex

Vorticity
m 0.5

=2
- 30

Inviscid Vortex Convection

A simple example of the value of subiterations and second-order
time is the convection of an inviscid vortex. The ability to conserve
the vortex shape and strength is important in many unsteady cases
in which a shed vortex interacts with bodies well downstream of
the vortex origin. This case can also be used to examine the level of
numerical dissipation for a given flow solver. A vortex of strength
I' =5 is centered on an 81 x 81 uniform grid in the x—z plane and
allowed to convect downstream at M = 0.5 with a nondimensional
time step [df (@ /L ges)] of 0.04. The grid spacing was set to 0.25
in both the x and z directions. The vortex is given by

o = [['(2 — R)/2m]exp[0.5(1 — R)] (39)

where R = (x — x¢)% + (z — z0)? and x, and 2o represent the loca-
tion of the vortex center. The grid is given periodic boundary condi-
tions in the flow direction. This allows the vortex to convect out of
and back into the computational domain. The vortex should com-
plete one cycle on the grid (i.e., return to its initial location) every
500 time steps. The vortex was allowed to convect for a nondimen-
sional length of 100 (five cycles through the grid).

Figure 5 shows an example of a flow solver with relatively low
numerical dissipation (OVERFLOW?2 using third-order Roe spatial
fluxes and second-order time with three Newton subiterations). The
vorticity profiles and the vortex location are well preserved by this
algorithm after five cycles through the grid. The vortex core is seen
to be somewhat underresolved on this computational grid.

The minimum pressure in the vortex as a function of time is
shown in Fig. 6 for several of the flux algorithms provided by
OVERFLOW?2. In theory this pressure should be preserved. The
standard (STD) algorithm is the standard central difference algo-
rithm with mixed second- and fourth-order smoothing where DIS4
is the fourth-order-smoothing coefficient. The results show the sen-
sitivity of the solution to the numerical algorithm and smoothing
level. The Yee algorithm and the STD algorithm with DIS4 = 0.04
are clearly inappropriate for this application.

Second-order time is seen to significantly lower the numerical
dissipation as indicated by the better preservation of the physical
quantities at the vortex core. The best results for this test case were
obtained with the Roe third-order spatial algorithm using second-
order time differencing and employing at least two Newton subit-
erations. Similar results to those shown with OVERFLOW?2 were
observed for the NXAIR flow solver using the default third-order
spatial HLLEM algorithm.

Viscous Shock Tube

Shock-tube problems have long been used as test cases for un-
steady flows. The position of the shock, expansion, and contact
discontinuity in inviscid flow can be predicted theoretically. In this
case a laminar viscous isothermal wall has been added so that nu-
merical convergence in the boundary layer may also be addressed.
The conditions chosen for this problem are left state: o/ .= 1.0,

5 Grid Cycles

Vorticity
m 0.5

=D
-

Fig. 5 Vorticity profiles for an inviscid convected vortex using OVERFLOW?2.
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Fig. 6a Vortex minimum pressure for several algorithms within
OVERFLOW?2 using first-order time and three Newton subiterations.
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Fig. 6b Vortex minimum pressure for several algorithms within
OVERFLOW?2 using second-order time and three Newton subiterations.
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Fig. 7 Density on the centerline of the viscous shock tube at nondi-
mensional time 0.2.

P/ Pret = 1.0, Tyan/ Trer = 1.0; right state: p/prer = 0.1, p/ pres =0.1,
Tyan/ Tret = 1.0; Re (based on ajnr) = 1.0 x 10°; and nondimensional
time step=0.00125 and 0.000625. The results are evaluated at
nondimensional times of 0.2 (160 iterations for a nondimensional
time step of 0.00125 and 320 iterations for a nondimensional time
step of 0.000625).

The calculations were performed on a 101 x 81 grid with a wall-
spacing equivalent to a y* of 1. The streamwise spacing for the grid
was 0.01. Results are presented for the NXAIR and OVERFLOW2
(Roe algorithm and second-order spatial central difference algo-
rithm) codes. All calculations were performed with second-order
time. The density on the tube centerline at nondimesional time 0.2
for the larger time step is shown in Fig. 7. The Newton subiteration

0.30 : ‘ ‘ " " ‘ T T T
NXAIR 20 Newton

0.25}  OVERFLOW Roe 20 Newton ------ !
OVERFLOW STD 20 Newton ———~- ]
OVERFLOW STD 0 Newton — —

0.20}
0.15
5
0.10

0.05

005 — =
0 01 02 03 04 05 06 07 08 09 1.0

X

Fig. 8 Wall heat transfer for the viscous shock tube at nondimensional
time 0.2.

T T T

NXAIR Newton DT = 0.00125 —li—
OVERFLOW Roe Newton DT = 0.00125 --- ill-+-
OVERFLOW Roe Dual DT = 0.00125 — - -

NXAIR Newton DT = 0.000625 —@— 1
~<_ OVERFLOW Roe Newton DT = 0.000625 --- @---
"Ml OVERFLOW Roe Dual DT = 0.000625 - -@--
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o

2
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[a]
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8 o001t .. TTSSlune g
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= \\.""\';;.;T
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Number of Subiterations

Fig. 9 Maximum error in centerline density for the shock tube.

is shown to significantly improve the results for the OVERFLOW2
STD (second-order spatial central difference) algorithm. The wall
heat transfer at the same instant in time is shown in Fig. 8. The
NXAIR and OVERFLOW?2 solutions with 10 Newton subitera-
tions are in good agreement. The OVERFLOW?2 solution with no
Newton subiterations differs significantly from the solutions with
the Newton subiteration.

This test case offers the opportunity to compare solutions using
the Newton subiteration algorithm and dual-time-stepping subiter-
ation algorithm. The level of convergence is assessed by taking the
difference between the solution with a given number of subiterations
and a reference solution with enough subiterations to obtain local
convergence. For NXAIR, the reference solution was obtained with
50 Newton subiterations. For OVERFLOW2 (Roe algorithm), the
reference solution was obtained with 100 Newton subiterations. The
dual-time-stepping solutions were obtained using local time step-
ping in the pseudotime step with a Courant-Friedrichs-Lewy (CFL)
of one, and the maximum CFL was held to 5.

The maximum error for the various subiteration processes is
shown as a function of the number of subiterations in Figs. 9 and
10. Increasing the number of subiterations drives the solutions to a
local level of convergence for all the schemes tested. The NXAIR
Newton scheme requires fewer subiterations to reach a level of lo-
cal convergence than either of the subiteration schemes employed
in OVERFLOW?2. This may in part be due to the diagonalized algo-
rithm used in OVERFLOW?2. The error in the heat transfer coeffi-
cient seems to converge more slowly than does the error in density
for the OVERFLOW?2 algorithms, whereas they seem to converge
at about the same rate for the NXAIR algorithm.

The computational cost for the algorithms is investigated in
Figs. 11 and 12. An equivalent computational unit is defined as
the time to complete one time step at the largest time step investi-
gated. The computational unit (CU) is defined for each individual
algorithm, and hence this is not an algorithm-to-algorithm compari-
son. Running with a larger time step and more Newton subiterations
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Fig. 10 Maximum error in wall heat transfer for the shock tube.
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Fig. 12 Maximum error in wall heat transfer vs computational units
(CU) for the shock tube.

drives NXAIR to the minimum error for density and heat transfer in
the least amount of computational work. A constant product of the
time step and number of subiterations produces the same density
error level with OVERFLOW?2. The heat transfer error is reduced
more rapidly with the smaller time step with OVERFLOW?2. This
may indicate that the OVERFLOW?2 algorithm is more sensitive to
grid stretching or to the higher CFL, both of which are at a maximum
near the walls of the shock tube.

Laminar Vortex Shedding from a Circular Cylinder

The vortex shedding from a circular cylinder is essentially two-
dimensional for Rep < 180 (Ref. 7). This example offers a sim-
ple geometry and a highly periodic flow to investigate the per-
formance of a flow solver for a periodic unsteady viscous flow.
The conditions chosen for the simulation here are a free-stream
Mach number of 0.2, Reynolds number (Rep) of 150, and a ref-

Fig. 13 Mach-number contours for a circular cylinder at M =0.2 and

Rep =150.
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Fig. 14 Power spectral density of drag for the circular cylinder.

erence temperature of 500°R. Two time steps were selected for
this study: At =9.12 x 107> s (CFL=92) and At =2.28 x 1075 s
(CFL =23).

The time steps were chosen to allow about 280 and 1120 time
steps per cycle of the primary vortex-shedding frequency as seen in
the normal force. The simulations were performed on the 401 x 201
grid. Each simulation was run 10,000 iterations and the last 4096
were statistically analyzed. The unsteady motion was allowed to
develop naturally for both codes (i.e., the flow was not artificially
forced). The OVERFLOW?2 results used the third-order Roe flux
algorithm, and the NXAIR results were obtained with the third-
order HLLEM flux algorithm.

Mach-number contours at one time instant are shown in Fig. 13.
The vortex street is clearly evident. The dual-time-stepping results
presented using OVERFLOW?2 correspond to a local time step with
a CFL of 1.0 and a minimum CFL of 5 in the inner iteration. Some
spectral results for drag and lift are shown in Figs. 14 and 15. The
spectra are seen to converge with increasing number of subiterations.
The effect of increasing the number of subiterations and reducing
the time step for the various subiteration strategies are shown in
Figs. 16-21. Again, both codes demonstrate convergence for all
the parameters examined with increasing number of subiterations.
The predicted average-drag coefficient for both codes agrees well
with experimental value® of 1.34. The lift Strouhal number agrees



1348 NICHOLS AND HEIKKINEN

1.0 : ‘ . .
OVER 3 Dual -
OVER 20 Dual -- -~
01r NXAIR 3 Newton -—-—-- E
NXAIR 10 Newton
0.01}
& 0.001F
@ :
a_ 0.0001 %
1e-05
1e-06
1e-07 L

0 0.2 0.4 0.6
Strouhal Number

Fig. 15 Power spectral density of lift for the circular cylinder.
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Fig. 16 Variation in the average drag with number of subiterations.
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Fig. 17 Variation in the peak-to-peak drag with number of subitera-
tions.

well with correlations of available data®~!° that range from 0.179 to
0.182.

The predicted Strouhal number converges with fewer subitera-
tions than does the peak-to-peak value. This indicates that more
subiterations are required to accurately predict the magnitude of the
unsteady flow than to predict the frequency. A minimum of three
Newton subiterations is required to achieve local convergence of
the solution for NXAIR using a time step of 9.12 x 107> s. The
dual-time-stepping algorithm in OVERFLOW?2 requires about 20
subiterations to reach a similar level of convergence. Increasing the
value of CFLMIN to 20 for OVERFLOW?2 reduces the number of
dual-time-step subiterations for convergence to three. This shows
the importance of a rapidly converging algorithm in the inner itera-
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Fig. 18 Variation in the drag primary peak Strouhal number with
number of subiterations.
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Fig. 19 Variation in the peak-to-peak lift with number of subitera-
tions.
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Fig. 20 Variation in the lift primary peak Strouhal number with num-
ber of subiterations.

tion for dual-time stepping. Reducing the time step to 2.28 x 1075 s
improves the convergence and reduces the number of subiterations
required.

The amount of computational work required to obtain a level of
error for the lift peak to peak is shown in Fig. 22. An equivalent
computational unit is defined as the time to complete one time step
at the largest time step investigated. The CU is defined for each
individual algorithm, and hence this is not an algorithm-to-algorithm
comparison. Running with a larger time step and more Newton
subiterations is seen to drive all the algorithms to the minimum
error in the least amount of time.

Oscillating Airfoil
The low-angle-of-attack NACAOO15 oscillating-airfoil case of
Ref. 11 is a simple two-dimensional moving-body problem for
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Fig. 22 Percent change in peak-to-peak lift vs equivalent computa-
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turbulent flows. The flow remains fully attached to the airfoil for
most of the cycle, allowing two-dimensional simulations to ade-
quately resolve the physics of the problem. Simulations at higher
angle of attack would require three-dimensional simulations to cap-
ture the large-scale flow separation. The case chosen for this simu-
lation used the angle-of-attack variation given by

o =4deg +4.2degsin(2rwft) (40)

where the frequency of oscillation was specified as 10 cycles per
second. The conditions of the simulation were a Mach number of
0.29 and a chord Reynolds number of 1.95 x 10°. The airfoil is
rotated about the quarter-chord point.

A 441 x 71 C grid was used to discretize the NACAOQO015 airfoil.
The grid included 241 points along the airfoil and was packed at
both the leading and trailing edges. The wall spacing was set for
y* =1 along the airfoil. The Spalart—Allmaras'? one-equation tur-
bulence model was used in this simulation for both NXAIR and
OVERFLOW?2. Both codes solve the turbulent transport equations
loosely coupled with the mean-flow equations within the subitera-
tion loop. The OVERFLOW?2 results used the fourth-order central
difference flux algorithm. Similar results were obtained with the
default second-order central difference flux algorithm and the Roe
flux algorithm in OVERFLOW?2. Two time steps corresponding to
512 (1/5120 s) and 1024 (1/10240 s) steps per pitch cycle were run.
These time steps were chosen to guarantee that the solution would
contain points at the maximum and minimum angles of attack (—0.2
and 8.2 deg), and also at the mid—angle of attack (4 deg) on both the
down and up stroke.

The NXAIR calculations were initialized to free-stream condi-
tions and the pitching motion was included from the first time step.
The second pitch cycle was used in the comparisons shown here
to remove the initial transients from the free-stream conditions. To

overcome numerical-stability problems, a steady-state solution was
initially obtained for each of the OVERFLOW2 examples. This
solution was used to initialize the moving-body calculations. The
second pitch cycle was used in the comparisons shown here.

The flow is attached to the airfoil over the entire angle-of-attack
range. Force and moment coefficients as a function of airfoil angle of
attack are shown in Figs. 23 and 24 for NXAIR and OVERFLOW?2
respectively. The two-dimensional simulation for both flow solvers
is in good agreement with the data and with previous CFD
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Fig. 23a NXAIR axial-force coefficient vs pitch angle for a pitching
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Fig. 23b NXAIR normal-force coefficient vs pitch angle for a pitching
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Fig. 24a OVERFLOW?2 axial-force coefficient vs pitch angle for a
pitching NACA0015 airfoil for A¢=1/5120 s using dual-time-stepping
and multigrid methods.
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Fig. 24b OVERFLOW2 normal-force coefficient vs pitch angle for a
pitching NACAO0015 airfoil for A¢=1/5120 s using dual-time-stepping
and multigrid methods.
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Fig. 24c OVERFLOW?2 pitching-moment coefficient vs pitch angle for
a pitching NACA 0015 airfoil for A¢=1/5120 s using dual-time-stepping
and multigrid methods.

predictions for this case.'>»!* The differences between the CFD
and the data can be attributed to boundary-layer-transition location
and to three-dimensional effects, both of which are ignored in the
computations.

The effectiveness of increasing the number of subiterations for
the Newton and dual-time-stepping algorithms at two time-step in-
crements are shown in Figs. 25-27. These figures show the normal
force at the maximum and minimum angles of the oscillation and
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Fig. 25 NXAIR normal force for varying time step and number of
subiterations.
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Fig. 26 OVERFLOW2 normal force for varying time step and number
of subiterations using dual-time stepping.
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Fig. 27 OVERFLOW2 normal force for varying time step and number
of subiterations using dual-time-stepping and multigrid methods.

the delta normal force (hysterisis in normal force) at the midpoint of
the oscillation. The error presented in Fig. 28 is calculated relative
to the solution with the most subiterations at a given time step for
each code and algorithm.

The solutions are seen to locally converge with increasing number
of subiterations. The NXAIR results also converge to the same value
when the time step is reduced. The OVERFLOW?2 results converge
to a different value of normal force increment (delta Cz) with time-
step variation. The cause of this anomaly is still under investigation.
The multigrid algorithm is seen to provide improved convergence for
the OVERFLOW?2 results. This again indicates the importance of a
rapidly converging inner algorithm when using dual-time stepping.

The amount of computational work required to obtain a level of
error for the lift peak to peak is shown in Fig. 29. An equivalent com-
putational unit is defined as the time to complete one time step at the
largest time step investigated. The CU is defined for each individual
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algorithm, and hence this is not an algorithm-to-algorithm compari-
son. Running with a larger time step and more subiterations provides
some advantage in driving all the algorithms to the minimum error
in the least amount of time.

Conclusion

Time-accurate Navier—Stokes flow solvers utilizing Newton and
dual-time-step implicit subiteration algorithms have been investi-
gated for both moving-body and deforming-grid applications. A
set of relatively simple two-dimensional validation cases has been
identified to assess the performance of these unsteady CFD solvers
with varying time-step size and number of subiterations. A set
of two-dimensional validation cases has been identified to assess
the performance of unsteady CFD solvers with varying time-step
size and number of subiterations. These cases demonstrate the
advantages of second-order time derivatives and subiterations for
unsteady-flow simulations. This investigation also indicates subit-

eration algorithms and large time steps can be used to reduce the
cost of a given unsteady-flow simulation.

Based on these investigations, it is recommended that an implicit
flow solver for unsteady flows include the following capabilities:

1) second-order time derivatives,

2) numerical flux algorithms with low dissipation,

3) subiteration scheme to improve local convergence,

4) a rapidly converging inner algorithm, and

5) GCL terms when deforming grids are present.
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